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Abstract
Applying the notions called the panel structure and the paneled triangulation introduced by Negami
et al. [Re-embedding structures of triangulations on closed surfaces, Sci. Rep. Yokohama Nat. Univ.
Sect. I,Math. Phys.Chem. 44 (1997) 41–55],wedetermine all the numbers of inequivalent embeddings
of triangulations on the torus, namely 1–6, 8, 10, 12, 14, 16, 24, 48 and 120.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we shall deal with ﬁnite and undirected graphs which have neither loops
nor multiple edges. Let G be a graph and F 2 a closed surface. The vertex set and the edge
set of G are denoted by V (G) and E(G), respectively. We shall consider an embedding of
G into F 2, that is, a drawing ofG on F 2 with no crossing. When we deal with two or more
embeddings, it is convenient for us to think of them as maps fromG to F 2, regardingG as
a topological space. Then an embedding f :G→ F 2 is an injective continuous map which
induces a graph isomorphism between G and f (G).
Let f, f ′:G → F 2 be two embeddings. They are said to be equivalent to each other,
denoted by f ≈ f ′, if there exists a homeomorphism h:F 2 → F 2 with hf = f ′. They
are called congruent to each other, denoted by f ∼ f ′, if there exists a homeomorphism
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Fig. 1. Two congruent embeddings of K7 on the torus, but not equivalent.
h:F 2 → F 2 with h(f (G))=f ′(G)which induces a graph isomorphism. It is obvious that
f ≈ f ′ implies f ∼ f ′, but the converse is not true in general.
Roughly speaking, two congruent embeddings look the same if we neglect the labels of
vertices. For example, let us consider the two embeddings of the complete graphK7 on the
torus as shown in Fig. 1. (As usual, identify each pair of parallel sides of the rectangles to
get the real tori.) Here we suppose that the seven vertices of K7 have ﬁxed labels 1, . . . , 7
and the label i in the ﬁgure indicates the image of the vertex of K7 with label i by each
embedding. They are congruent since we can take the map sending each point in the left
to one at the same position in the right as a homeomorphism h. However, they are not
equivalent because, for instance, the 3-cycle 126 bounds a face in the left but does not in
the right.
Then the following problems arise naturally:
• How many inequivalent embeddings into a closed surface F 2 does a graph G have?
• What structure generates inequivalent embeddings ofG? (Such a structure is often called
the re-embedding structure of G.)
So far several results on them have been obtained in the cases when F 2 is the sphere
(cf. [14,15]) or the projective plane (cf. [2,3,7,10,12,13]), but it is hard to answer the above
questions for other surfaces. Nevertheless, there is a class of graphs whose re-embedding
structures are relatively simple: the “triangulations” on closed surfaces.
A simple graphG is called a triangulation on a closed surface F 2 if it is embedded on F 2
so that every face is bounded by a 3-cycle and any two faces share at most one edge.Two
triangulations G1 and G2 on F 2 are said to be isomorphic if there is a homeomorphism
h : F 2 → F 2 with h(G1) = G2. This is equivalent to the condition that there is a graph
isomorphism  : V (G1) → V (G2) such that a set of three vertices {u, v,w} forms a face
in G1 if and only if {(u),(v),(w)} does in G2.
Lawrencenko [7] has already proved the following theorem, discussing the re-embedding
structures of triangulations on the projective plane.
Theorem 1 (Lawrencenko [7]). Every triangulation on the projective plane has precisely
1–4, 6 or 12 inequivalent embeddings.
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So we would like to investigate triangulations on other surfaces. Especially we shall
consider those on the torus. As for them, Lawrencenko [5] determined all the irreducible
triangulations on the torus, which are 21 in number, and in [6] (also [4]) he obtained the
numbers of inequivalent embeddings which each of them has. Furthermore, he has already
shown in [6] (also [1]) that any triangulation on the torus has at most 120 inequivalent
embeddings and the number is in fact less than or equal to 48, except K7 which has 120
inequivalent embeddings (see also [8]). Therefore, as the next step, we would like to know
all the possible numbers of inequivalent embeddings which every triangulation on the torus
can have.
To do it, we shall apply the notion called “panel structure” of a triangulation, introduced
by Negami et al. [11], deﬁned as follows. LetG be a triangulation on a closed surface F 2.A
3-cycle C ofG is called a panel if f (C) bounds a face of f (G) for any embedding f :G→
F 2. A face bounded by such a 3-cycle is also called a panel ofG. The set of panels ofG is
denoted by ℘(G). The composite structure (G,℘ (G)) is called the panel structure of G.
We shall prove the following theorem, which is our main result in this paper.
Theorem 2. Every triangulation on the torus has precisely 1–6, 8, 10, 12, 14, 16, 24, 48
or 120 inequivalent embeddings.
In Section 2, we shall describe Negami et al.’s theory on the panel structure developed in
[11]. In Section 3, we shall classify those triangulations that underlie the “panel-irreducible
triangulations” on the torus. In Section 4, we shall investigate their panel structures and
determine all the numbers of inequivalent embeddings which every triangulation on the
torus has.
2. Panel structures and re-embeddings
In this section, we shall consider howwe can obtain all the possible numbers of inequiva-
lent embeddings which every triangulation on the torus has. Of course there exist inﬁnitely
many triangulations, so we cannot investigate all of them. However, Negami et al. [11] have
established a theory which ensures that it sufﬁces to examine a ﬁnite number of special
triangulations. We shall review it below.
LetG be a triangulation on a closed surface F 2 with panels℘(G).A vertex v ofG is said
to be ﬂat if every face incident to v is a panel ofG. The graph obtained fromG by removing
all the ﬂat vertices is called the frame ofG and is denoted by Fr(G). The 2-complex induced
by the panels ℘(G) is called the panel complex of G, denoted by P(G).
Let (G1, ℘ (G1)) and (G2, ℘ (G2)) be the panel structures of two triangulations G1 and
G2 on a closed surface F 2. They are said to be equivalent to each other if there exists a
graph isomorphism : Fr(G1)→ Fr(G2)which induces a homeomorphism ˜ : P(G1)→
P(G2). It is clear thatG1 andG2 admit the same number of inequivalent embeddings into
F 2 if their panel structures are equivalent.
To represent the equivalence class of those panel structures, they have introduced an
artiﬁcial object, as follows. LetG be a triangulation on a closed surface F 2 and choose any
set ℘ of faces of G. The pair (G,℘) is called a paneled triangulation over G with panels
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℘ and is denoted by G℘ . A face belonging to ℘ is called a panel, and is also said to be
paneled. Two paneled triangulations are isomorphic to each other if they are isomorphic
as triangulations and if there exists such an isomorphism between them which induces a
bijection between their panels.
An embedding f : G℘ → F 2 is an embedding f : G → F 2 such that f (A) bounds a
face in f (G) for each face A ∈ ℘, where A stands for the boundary cycle of A. A paneled
triangulation G℘ is said to be saturated if, for each face A /∈℘, there exists an embedding
f : G℘ → F 2 such that f (A) does not bound a face in f (G). For example, if ℘=℘(G),
then G℘ is saturated by the deﬁnition of panel structure.
Suppose that G℘ is saturated and that a triangulation G′ can be obtained from G by
subdividing the panels in ℘ with vertices added inside them. Then we say thatG℘ presents
the panel structure (G′, ℘ (G′)). It has been proved in [11] that the panel structures of
triangulations presented byG℘ are all equivalent. Deﬁne the equivalence over embeddings
of a paneled triangulationG℘ in the same way as for ordinary triangulations. It is clear that
the number of inequivalent embeddings of G℘ is equal to that of any triangulation whose
panel structure is presented by G℘ .
Let G℘ be a paneled triangulation over G with panels ℘ and uv an edge of G℘ . The
contraction of uv is deﬁned as a local deformation which shrinks uv and replaces the
resulting pairs of multiple edges with single edges after removing all panels incident to
uv from ℘. The edge uv is said to be panel-contractible if it satisﬁes the following two
conditions:
(i) There is no 3-cycle containing uv other than those bounding the two faces sharing uv.
(If this holds, then uv is said to be contractible simply.)
(ii) For at least one of u and v, say u, the faces incident to u are all panels in ℘. (In this
case, u is said to be ﬂat as well as for panel structures.)
We allow to contract only a panel-contractible edge uv. The paneled triangulation ob-
tained from G℘ by contracting uv is denoted by G℘/uv. If G℘ has no panel-contractible
edge, then G℘ is said to be panel-irreducible.
It is easy to see the following facts, considering the regions which the panel complexes
P(G℘) and P(G℘/uv) occupy, respectively. Let G℘ be a saturated paneled triangulation
and uv an edge of G℘ . If uv is panel-contractible, then G℘/uv is saturated and the panel
structure whichG℘/uv presents is equivalent to one whichG℘ does. On the other hand, if
uv is contractible but not panel-contractible, then the panel structure presented by G℘ and
the one by G℘/uv are not equivalent. These facts imply the following theorem.
Theorem 3 (Negami et al. [11]). The panel structure of a triangulation on a closed surface
F 2 is equivalent to one which a panel-irreducible saturated paneled triangulation on F 2
presents.
Furthermore, they have proved that there exist only ﬁnitely many panel-irreducible satu-
rated paneled triangulations, up to isomorphism, for each closed surface. Therefore, if the
list of panel-irreducible saturated paneled triangulations on the torus has been determined,
then Theorem 2 can be proved in a ﬁnite process; it sufﬁces to count their inequivalent
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embeddings although we might need tedious routines. From now on, we shall call a panel-
irreducible saturated paneled triangulation “a panel-irreducible triangulation” shortly, for
the sake of convenience.
3. Panel-irreducible triangulations on the torus
In this section, we shall determine all triangulations which underlie the panel-irreducible
triangulations on the torus. First of all, we shall introduce several notions to describe the
structures of such triangulations.
LetG be a triangulation on a closed surface F 2 and v a vertex inG. We denote by N(v)
the neighborhood of v, that is, the set of its neighbors. The neighbors of v form a cycle
around v, which is called the link of v and is denoted by lk(v). The subgraph ofG obtained
as lk(v) ∪ {v} with the edges incident to v is called the wheel neighborhood of v and is
denoted byW(v).
Note that lk(v) andW(v) depend upon the particular embedding ofG at issue. That is, if
there is another embedding f : G→ F 2 inequivalent to the embedding ofG, then f (lk(v))
might not coincide with the link of f (v) in f (G). In this case, the link lk(v) and the cycle
corresponding to lk(f (v)) form two different Hamilton cycles in the subgraph 〈N(v)〉 of
G induced by N(v), where 〈U〉 denotes the subgraph in G induced by a set U of vertices.
Based on this fact, Negami [9] has deﬁned a skew vertex in a triangulation G as a vertex
v such that 〈N(v)〉 contains at least two Hamilton cycles. It is easy to see that if v is not
a skew vertex, then v is ﬂat in any saturated paneled triangulation G℘ over G and hence
if there is no skew vertex in G, then G is uniquely embeddable in F 2, up to equivalence.
Both ends of a contractible edge uv are skew if uv is not panel-contractible in G℘ .
Let v be a skew vertex in a triangulation G and C a Hamilton cycle in 〈N(v)〉 other
than lk(v). Then we can choose two edges v1v2, v3v4 ∈ E(C)\E(lk(v)) so that {v1, v2}
and {v3, v4} separate each other on lk(v), that is, v1, v3, v2 and v4 lie along lk(v) in this
cyclic order. In this case, we say that the two 3-cycles vv1v2 and vv3v4 intersect each other
transversely at v. Furthermore, they do not bound any 2-cell region on F 2. In general, a
simple closed curve is said to be trivial if it bounds a 2-cell region on the surface and
to be essential otherwise. Clearly, W(v) + {v1v2, v3v4} is not planar since it contains a
subdivision of K5.
The following three lemmas give us crucial information to determine the triangulations
which underlie panel-irreducible triangulations.
Lemma 4. LetG℘ be a panel-irreducible triangulation on a closed surfaceF 2. If a 3-cycle
C bounds a 2-cell region on F 2, then C bounds a face of G℘ .
Proof. Suppose that C does not bound any face, that is, the 2-cell regionD2 bounded by C
contains at least one vertex ofG℘ inside. Furthermore, we may assume that C is innermost
among those 3-cycles. That is, any 3-cycle lying inside D2 bounds a face.
Let v be any vertex insideD2. It is easy to see that any vertexw insideD2 is ﬂat since we
cannot construct the nonplanar structure given asW(w)with two edges under this situation.
Thus, any edge incident to such a vertex is not contractible and is contained in three 3-cycles,
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Fig. 2. Partial structure of G℘ .
which will lie inside D2 and one of which does not bound any face. This is contrary to C
being innermost. Thus, D2 contains no vertex inside and is a face of G℘ . 
Lemma 5. Let G℘ be a panel-irreducible triangulation on the torus and uv any edge
of G℘ . Then either the edge uv is contained in an essential 3-cycle, or the subgraph
〈N(u) ∪ N(v) ∪ {u, v}〉 contains the partial structure embedded on the torus, as given
in Fig. 2, such that:
(i) N(u)∩N(v) consists of only two vertices p and q such that the 3-cycles uvp and uvq
form two faces sharing uv.
(ii) There are four edges puj , quk , pvb and qvs such that their ends p, vs , vb, q, uj and
uk lie along the cycle lk(u) ∪ lk(v)− {u, v} in this cyclic order.
Proof. First suppose that uv is not contractible. Then it is contained in a 3-cycle C other
than the two 3-cycles bounding faces incident to uv. By Lemma 4, C must be essential.
Now suppose that uv is contractible and let lk(u) = vu1 . . . um and lk(v) = uv1 · · · vn
be the links of u and v in G℘ with p = u1 = v1 and q = um = vn. Then u1, . . . , um and
v1, . . . , vn are all distinct except u1=v1 and um=vn since uv is not contained in any 3-cycle
other than uvp and uvq, and both u and v are skew since uv is not panel-contractible. This
implies that there are four edges uiuj , ukuh for some i < k < j <h and vavb, vsvt for some
a < s <b< t , as shown before Lemma 4. Thus, it sufﬁces to show that ui = va = p and
uh = vt = q.
First, cut open the torus into a rectangle along vvavb and vvsvt . Then lk(v) splits into
four corners of the rectangle. In particular, suppose that the segment vt · · · vnuv1 · · · va
containing u is placed at the left-bottom. This segment corresponds to the path qup in
Fig. 2. It is easy to see that addingW(u)+{uiuj , ukuh} to the rectangle forces the equalities
ui = va = p and uh = vt = q, and we obtain Fig. 2. 
A triangulationG on a closed surface F 2 is said to be irreducible if it has no contractible
edge. The proof below is basically the same as Lawrencenko [5] has done for irreducible
triangulations.
192 A. Sasao / Discrete Mathematics 303 (2005) 186–208
T1 T2 T3 T4 T5 T6 T7
T8 T9 T10 T11 T12 T13 T14
T15 T16 T17 T18 T19 T20 T21
Fig. 3. Irreducible triangulations on the torus.
Lemma 6. For each vertex v in a panel-irreducible triangulation G℘ , there exists a pair
of essential 3-cycles which intersect transversely at v.
Proof. We have already seen the existence of such two 3-cycles for a skew vertex v. So
suppose that v is not skew and let lk(v) = v1 · · · vn be the link of v. By the deﬁnition of
panel-irreducibility, each of the edge incident to v, say vvi , is not contractible and hence it
is contained in a 3-cycle vvivj for some j with |i − j |2.
Choose one among those 3-cycles to minimize |i− j |, say vvpvq , and consider any edge
vvr with p< r <q. Then there is a 3-cycle vvrvs for some s. By the minimality of |p− q|,
we have either p< r <q < s or s <p< r <q. This implies that vvpvq and vvrvs intersect
transversely at v and both of them must be essential. 
By the deﬁnition of panel-contractibility, any saturated paneled triangulation over an
irreducible triangulation is panel-irreducible. In fact, Lawrencenko [5] has already proved
that there exist exactly 21 irreducible triangulations on the torus, up to isomorphism, as
shown in Fig. 3. Thus, a half of our task in this section has been done and it remains to
determine the list of those triangulations that underlie panel-irreducible triangulations but
that are not irreducible.
The following theorem is the remaining half of our task in this section.
Theorem 7. There exist exactly 13 triangulations on the torus, up to isomorphism, which
underlie panel-irreducible triangulations on the torus and which are not irreducible, as
shown in Fig. 4.
Proof. Let G be any triangulation underlying a panel-irreducible triangulation G℘ on the
torus and suppose thatG is not irreducible. ThenG has a contractible edge uv and contains
the partial structure given in Fig. 2, including at least eight vertices u, v, p, uk , uj , q, vb and
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P1 P2 P3 P4 P5 P6 P7
P8 P9 P10 P11 P12 P13
Fig. 4. Panel-irreducible but not irreducible triangulations on the torus.
Fig. 5. Case 1.
vs , by Lemma 5. Let C denote the cycle lk(u)∪ lk(v)− {u, v} surrounding u and v, which
contains the set of vertices S = {p, uk, uj , q, vb, vs}.
We shall recognize the remaining part to list up the triangulations P1–P13. To do this,
we should take the following facts into account. They are concluded from Lemmas 4 and
6, respectively.
• Every trivial 3-cycle bounds a face.
• Every trivial 4-cycle a1a2a3a4 bounds either a quadrilateral which is divided by one
diagonal, or one which contains only one vertex of degree 4 adjacent to its all corners. In
the latter case, there are two edges a1a3 and a2a4 outside the quadrilateral.
Case 1. There is no other vertex except ones in S ∪ {u, v}: In this case, Fig. 2 reduces to
Fig. 5 and the two quadrilaterals pvbquk , qvspuj and the hexagon qvsvbpujuk are divided
into triangles by diagonals. The dashed lines in the hexagon indicate forbidden diagonals; if
we added each of them, then there would be multiple edges. More diagonals are forbidden,
according to diagonals in the two quadrilaterals. It is easy to see that we obtain only P1, up
to isomorphism.
Now we suppose that there is a vertex w not belonging to S ∪ {u, v}. We shall consider
the following cases, depending on where w lies.
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Fig. 6. Case 2(a).
Fig. 7. Four possibilities in Case 2(a).
Case 2. The vertex w lies on C: Then w is contained in one of the segments of C−S and
there are two subcases, up to symmetry; (a) it lies between p and uk or (b) between uk and
uj . In Case (a), one of the two essential 3-cycles intersecting transversely at w, which exist
by Lemma 6, must be wuq and the other is either wukvb or wukp. Fig. 6 presents these
two possibilities.We can conclude that the segments pw, ukuj and ujq on C in each ﬁgure
must be edges by Lemmas 4 and 6.
In the left of Fig. 6, the segments qvb, vsvb and pvs contain no vertex except their ends,
by Lemma 6; if there were such a vertex, we could ﬁnd two essential 3-cycles intersecting
transversely at it, but it is impossible under this situation. Then there are three quadrilaterals
qvsvbuk , ukvbpuj and ujpvsq and each of them does not contain any vertex by Lemma 6.
They are divided by diagonals. In particular, qvsvbuk must contain the diagonal vsuk since
adding qvb yields multiple edges. Thus, we have the four possibilities X1, X2, X3 and X4,
as given in Fig. 7.
Clearly, X1 and X2 are isomorphic to P3 and P2, respectively. On the other hand, both
X3 and X4 are isomorphic to none of P1–P13. To exclude them, we need more detailed
arguments. We shall postpone it to the end of this proof.
In the right of Fig. 6, the segments qvb, pvs and vsvb might contain vertices other than
their ends. Before dealing with these cases, we assume that they are just edges. In this case,
each of the quadrilaterals qwpvb and qvspuj contains only diagonals by Lemma 6, while
the diagonals qvb and vsp are forbidden in the pentagon qvsvbpuk to exclude multiple
edges. Up to symmetry, we may have two possibilities, shown in Fig. 8.
To exclude the previous case, more diagonals are forbidden in the pentagon, as indi-
cated by dashed lines. This implies that the pentagon contains another vertex w′. The two
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Fig. 8. The second type in Case 2(a).
Fig. 9. Three other possibilities in Case 2(a).
Fig. 10. The third type in Case 2(a).
essential 3-cycles intersecting transversely at w′ must be w′pvs and w′qvb and we obtain
three possibilities, as given in Fig. 9. Clearly, Y1 and Y2 are isomorphic to P11 and P12,
respectively. On the other hand, it is not difﬁcult to see that Y3 is isomorphic to P11.
Consider the case when at least one of the edges qvb, pvs and vsvb is subdivided by inner
vertices.Wemay neglect the case ofpvs , up to symmetry, and obtain the two pictures shown
in Fig. 10, considering the two essential 3-cycles passing through each vertex subdividing
qvb and vsvb. In this case, every segment in the ﬁgure must be an edge. However, it is easy
to see that the right one has the same structure as the left one, moving the two triangles
incident to vb to the left side.
Adding diagonals in the three quadrilaterals, we obtain the four triangulations given in
Fig. 11. Clearly, the three except the ﬁrst are isomorphic to P8, P9 and P10, respectively. It
is not difﬁcult to see that the ﬁrst one is also isomorphic to P9.
196 A. Sasao / Discrete Mathematics 303 (2005) 186–208
Fig. 11. Other four possibilities in Case 2(a).
Fig. 12. Case 2(b).
Fig. 13. Two triangulations in Case 2(b).
Now suppose Case (b). If w is adjacent to p or q, then this case can be regarded as Case
(a), up to symmetry, by replacing uk with w. Thus, we may assume that the two essential
3-cycles intersecting transversely at w are wujvs and wukvb and obtain Fig. 12. Each of
the quadrilaterals qvswuk and wvbpuj contains no vertex by Lemma 6.
There are 2 × 2 = 4 ways to put diagonals in the two quadrilaterals, but two of them
yield triangulations which have the same structure as in Case (a). Thus, we have only two
in this case, given in Fig. 13. Clearly, the left one is isomorphic to P4 while the right one is
isomorphic to X3 in Fig. 7, which will be excluded later.
Case 3. The cycle C contains no vertex other than ones in S and w lies inside the quadri-
laterals pvbquk or qvspuj : We may assume the former, up to symmetry. Then the two
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Fig. 14. Case 3.
Fig. 15. Case 4.
essential 3-cycles intersecting transversely at w must be wukvb and wpq and we obtain
Fig. 14, where the dashed lines indicate forbidden diagonals. By Lemma 6, both quadri-
laterals qvsvbuk and ukvbpuj contain no vertex. Dividing them by diagonals, we obtain a
unique triangulation isomorphic to P13.
Case 4. All vertices except S ∪ {u, v} lie inside the hexagon qvsvbpujuk: The vertex w
is one of such vertices. There are two ways to put diagonals in the quadrilaterals pvbquk
and pvsquj , as shown in Fig. 15. The dashed lines in Fig. 15 indicate forbidden diagonals
in the hexagon, as well as in the previous cases. Adding w to each pair of vertices joined
with one of those dashed lines, say {x, y}, we can list up all essential 3-cycles wxy passing
through w.
Choosing two out of those 3-cycles so that they intersect transversely at w, we obtain
12 pictures in Fig. 16. In particular, each of Z2, Z3, Z5, Z6, Z8, Z10, Z11 and Z12 has two
quadrilaterals with diagonals drawn by shorter lines. They are added not so as to create
multiple edges and to exclude the previous cases. Then Z2, Z6 and Z10 are isomorphic to
P7, P5 and P6, respectively while Z3, Z5 and Z8Z11Z12 are excluded by the reason
mentioned later.
Now consider Z1, Z4, Z7 and Z9, each of which has a pentagonal region. If such a
pentagon contains no vertex and is divided by diagonals, then each of Z1 and Z4 is isomor-
phic to Z2, and each of Z7 and Z9 is isomorphic to Z6. Thus, we may assume that each
pentagon contains another vertex and obtain three triangulations Z, Z′ and Z′′ given in
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Fig. 16. Twelve possibilities in Case 4.
Fig. 17. Three possibilities in Case 4.
Fig. 17, where Z comes from Z1 and Z4, and both Z′ and Z′′ from Z7 and Z9. However,
we can conﬁrm that Z, Z′ and Z′′ is isomorphic to P8, P10, P9, respectively, comparing
their degree sequences.
Now we have P1–P13, X3, X4, Z3, Z5 and Z8. It is tedious but not difﬁcult to see that
they are not isomorphic to one another not only as triangulations but also as graphs. Recall
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X4 Z3 Z5
Fig. 18. Panel structures over ﬁve exceptions.
that they are just those triangulations that have the partial structure given in Fig. 2 and such
that each vertex lies on two essential 3-cycles intersecting transversely. To exclude the ﬁve
exceptions, that is, to show that they do not underlie panel-irreducible triangulations, we
need more detailed arguments as follows.
Suppose that G℘ is a panel-irreducible triangulation over G with panels ℘, as well as
we have done, and consider its re-embedding f : G℘ → T 2 on the torus T 2. It is clear
that f (G℘) with panels induced by ℘ is panel-irreducible. This implies that f (G℘) is
isomorphic to one of the triangulations listed above. Since the list contains no isomorphic
pair, the underlying triangulation of f (G℘) coincides with G. Thus, any embedding f :
G℘ → T 2 can be identiﬁed as an automorphism of G.
Investigating all automorphisms ofX3,X4,Z3,Z5 andZ8,we obtain their panel structures
as shown in Fig. 18. In particular, all faces of X3 and of Z3 are paneled in their panel
structures, which are omitted in Fig. 18.
Panel-irreducible triangulations G℘ over them might have more panels. However, each
of these panel structures contains a ﬂat vertex and hence that of G℘ does. This is contrary
to G℘ being panel-irreducible. Therefore, these ﬁve exceptions do not underlie any panel-
irreducible triangulations. On the other hand, our proof of Theorem 2 in the next section
shows that P1–P13 actually underlie panel-irreducible triangulations. Thus, the theorem
follows. 
Consequently, there exist precisely 34 triangulations on the torus, up to isomorphism,
which underlie the panel-irreducible triangulations.
4. Proof of Theorem 2
In this section, we shall prove Theorem 2. However, we shall show only a sketch of the
proof since we need a lot of tedious routines to do it.
By Theorem 3, the panel structure of any triangulation on the torus can be presented by a
panel-irreducible triangulations on the torus and the number of inequivalent embeddings of
the former coincideswith that of the latter.Therefore, it sufﬁces to determine the list of panel-
irreducible triangulations on the torus and count up their inequivalent embeddings. Since
we have already listed up all triangulations which underlie panel-irreducible triangulations
on the torus, we should classify the sets of panels to make those triangulations saturated
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Table 1
Numbers of inequivalent embeddings
T1 120 T8 6 T15 1 P1 8 P8 2
T2 12 T9 2 T16 2 P2 2 P9 2
T3 2 T10 2 T17 2 P3 2 P10 2
T4 12 T11 1 T18 2 P4 4 P11 2
T5 12 T12 4 T19 2 P5 2 P12 2
T6 1 T13 2 T20 6 P6 4 P13 2
T7 12 T14 1 T21 6 P7 2
paneled triangulations. The classiﬁcation proceeds as follows:
Step 1. Determine all automorphisms of T1, . . . ,T21 and P1, . . . ,P13.
Step 2. Generate their re-embeddings using those automorphisms and omit ones that are
equivalent to others already generated. Thenwe obtain the complete list of their inequivalent
embeddings.
Step 3. Identify their panel structures.
Step 4. Fit extra panels to each of them until a saturated paneled triangulation is obtained
and enumerate its inequivalent embeddings.
Step 5. Repeat the above operation until a full-paneled triangulation is obtained.
LetG be one of T1, . . . ,T21 and P1, . . . ,P13 and consider any saturated paneled trian-
gulationG℘ overGwith panels℘. Let f : G℘ → T 2 be any embedding ofG℘ on the torus
T 2 and ℘′ the set of faces corresponding to panels in ℘. Then the paneled triangulation
f (G)℘′ also is panel-irreducible since a vertex f (v) is not ﬂat in f (G)℘′ for any non-ﬂat
vertex v inG℘ . Thus, f (G)must be isomorphic to one of T1, . . . ,T21 and P1, . . . ,P13 as
triangulations. Since this list contains no isomorphic pair, f (G) is isomorphic toG itself and
hence f induces an automorphism of G. Therefore, it sufﬁces to consider the embeddings
of G which can be derived from its automorphisms.
Fortunately, the complements of T1, . . . ,T21 and P1, . . . ,P13 has simple structures
and it is easy to identify their all automorphisms. Thus, we can carry out Steps 1 and 2
without much effort and obtain Table 1, which presents the numbers of their inequivalent
embeddings. Note that Lawrencenko [6] (also [4]) has already done for T1, . . . ,T21.
Precisely speaking,wehave countedonly embeddingswhich are congruent to the original,
up to equivalence. There might be other embeddings of P1, . . . ,P13 which do not appear in
Fig. 4 and we need further arguments to deny the existence of such embeddings. However,
those extras may be neglected for our purpose, as mentioned in the previous.
It is clear that the set ℘ of panels of any saturated paneled triangulation G℘ over a
triangulation G contains all panels in ℘(G), which is determined only by G itself without
any additional condition.We identify℘(G) in Step 3. To do this, label vertices ofG in Figs.
3 and 4 suitably and write down all the inequivalent embeddings ofG as pictures re-labeled
so as to indicate the corresponding automorphisms. Then investigate which facial cycles in
the original embedding are mapped to facial cycles in all other pictures.
In this manner, we have determined the panel structures of T1, . . . ,T21 and P1, . . . ,P13.
The results are described in Table 2 and Figs. 19 and 20. Note that there exist several
triangulations which have no panels or whose faces are all panels. We shall call the former
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Table 2
Numbers of panels
T1 free T8 free T15 full P1 4 P8 12
T2 free T9 10 T16 10 P2 10 P9 12
T3 8 T10 10 T17 10 P3 10 P10 12
T4 1 T11 full T18 10 P4 6 P11 12
T5 free T12 6 T19 12 P5 10 P12 12
T6 full T13 10 T20 free P6 6 P13 12
T7 free T14 full T21 free P7 10
T3 T4 T9 T10
T12 T13 T16 T17
T18 T19
Fig. 19. Panel structures I.
panel-free and the latter full-paneled. Of course, a full-paneled triangulation has only one
embedding, up to equivalence. In Table 2, “free” stands for “panel-free” and “full” for
“full-paneled” for convenience. In Figs. 19 and 20, the panel structures of T1, . . . ,T21 and
P1, . . . ,P13 except panel-free and full-paneled ones are depicted.
Finally, we carry out Steps 4 and 5 to list up the panels ℘ for a saturated paneled tri-
angulation G℘ over G, each of which contains ℘(G) as a common subset. Here we shall
describe the concrete process with G= T12 as an example. Put ℘0 = ℘(T12).
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P1 P2 P3 P4
P5 P6 P7 P8
P9 P10 P11 P12
P13
Fig. 20. Panel structures II.
As we have seen in Table 1, T12 has four inequivalent embeddings, which are presented
in Fig. 21. Listing up all facial cycles in the four labeled triangulations A, B, C, and D in
Fig. 21, we obtain Table 3, where ∗ means that the embedding has this face. The panels in
℘0 are the ones with ∗ in all columns and we have ℘0 = {125, 134, 258, 347, 679, 689}.
This panel structure (T12, ℘0) is depicted in Fig. 22, which is the same as we have seen in
Fig. 19.
Nowwe shall ﬁt extra panels in the panel structure of T12 tomake other saturated paneled
triangulationsG℘ over T12. For example, let us ﬁt a panel in the face 239. The embeddings
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4
5
4
5
(A)
4
2
4
2
(B)
3
5
3
5
(C)
3
2
3
2
(D)
1 12 4 1 15 4
1 12 4 1 15 4
1 12 3 1 15 3
1 12 3 1 15 3
6
8 9
7
6
8 9
7 6
8 9
7
6
8 9
7
Fig. 21. Four inequivalent embeddings of T12.
Table 3
Faces which each embedding has
Face A B C D Face A B C D Face A B C D
124 ∗ ∗ 246 ∗ ∗ ∗ 456 ∗ ∗ ∗
125 ∗ ∗ ∗ ∗ 258 ∗ ∗ ∗ ∗ 459 ∗ ∗ ∗
134 ∗ ∗ ∗ ∗ 289 ∗ ∗ 479 ∗ ∗
135 ∗ ∗ 347 ∗ ∗ ∗ ∗ 568 ∗ ∗
236 ∗ ∗ ∗ 359 ∗ ∗ ∗ 679 ∗ ∗ ∗ ∗
239 ∗ ∗ ∗ 367 ∗ ∗ 689 ∗ ∗ ∗ ∗
in which the 3-cycle 239 bounds a face are A, B and D in Table 3. However, the paneled
triangulation with panels℘0∪{239} is not saturated since the 3-cycle 456 also bounds a face
in all of the embeddings A, B and D. Since they have no more common faces, the paneled
triangulation with panels ℘1=℘0 ∪ {239, 456} is saturated andG℘1 has three inequivalent
embeddings. The panel structure of this saturated paneled triangulation G℘1 is depicted in
the left of Fig. 23, where the number in parenthesis indicates the number of its inequivalent
embeddings.
Similarly, also when we add one of 236, 246, 359, 456 and 459 to ℘0, we will get a
saturated paneled triangulation isomorphic toG℘1 . Sowemay neglect those in the following
process.
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4
5
4
5
1 12 3
1 12 3
6
8 9
7
Fig. 22. Panel structure of T12.
(3) (2)
4
5
4
5
1 12 3
1 12 3
6
8 9
7
4
5
4
5
1 12 3
1 12 3
6
8 9
7
Fig. 23. Two saturated paneled triangulations.
On the other hand, if we ﬁt a panel in the face 124, the embedding B is excluded since
124 does not have ∗ in Column B in Table 3, and two embeddings A and D have more
common faces; namely 135, 236 and 459. Thus, the paneled triangulation with panels
℘2 = ℘1 ∪ {124, 135, 236, 459}, depicted in the right of Fig. 23, is saturated and has two
inequivalent embeddings. Similarly, when we ﬁt a panel in one of 135, 289, 367, 479 and
568, we will obtain a saturated paneled triangulation isomorphic to G℘2 .
Furthermore, we obtain the full-paneled triangulations when we ﬁt one of non-paneled
faces in the right of Fig. 23. Since we have covered all cases of which faces we choose as ad-
ditional panels to℘0,℘1 and℘2, we can conclude that there are precisely four saturated pan-
eled triangulations over T12, up to isomorphism;G℘0 ,G℘1 ,G℘2 and the full-paneled one.
Since the three except the full-paneled one have no ﬂat vertex, they are panel-irreducible.
Carrying out the same process for each of T1, . . . ,T21 and P1, . . . ,P13, we obtained
the panel-irreducible triangulations presented in Tables 2 and 4 and in Figs. 24, 25 and 26.
These ﬁgures do not contain the panel-free and full-paneled one.We should refer to Table 2
for the panel-free panel-irreducible triangulations. The full-paneled one should be regarded
as one that one of T1, . . . ,T21 underlie; otherwise, it would not be panel-irreducible since
every vertex is ﬂat.
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Table 4
Underlying triangulations of each panel structure
A1 2 T4, T5, T7, T12, T19, E9 6 T1 H5 5 T4
T20, P1, P4, P6, P13
A2 2 T1, T4, T5, P1 E10 6 T1 H6 6 T4
A3 2 T1, T4, P1 E11 10 T1 H7 6 T4
A4 2 T1, P1 F1 3 T5 H8 48 T1
B 8 T1 F2 4 P1 I1 3 T8
C1 2 T8, T10, T16, T17, F3 4 T4 I2 3 T21
T20, P2, P3, P5, P7
C2 2 P8, P9, P10, P11, P12 F4 4 T4 I3 4 T5
C3 2 T2, T3, T5 F5 4 T4 I4 4 T7
C4 2 T9 F6 8 T1 I5 6 T2
C5 2 T18 F7 8 T1 I6 6 T5
C6 2 T21 F8 8 T1 I7 8 T5
C7 2 T2, T13 F9 14 T1 I8 8 T4
C8 3 T2 F10 16 T1 J1 4 T20
C9 4 T1, T5 G1 2 T8 J2 4 T7
C10 4 T1 G2 3 T20 J3 5 T7
D1 2 T7 G3 3 T5 J4 6 T5
D2 3 P1 G4 3 T5 J5 12 T4
D3 3 T1, P1 G5 3 T7 K1 4 T8
D4 3 T4 G6 4 T7, T12, P4, P6 K2 4 T20
D5 3 T4 G7 4 T2 K3 5 T7
D6 3 T1 G8 4 T4, T5 K4 6 T7
D7 3 T1 G9 4 T4 L 8 T7
D8 4 T1 G10 5 T5 M 4 T21
D9 4 T1 G11 5 T4 T1 120 T1
E1 2 T20 G12 8 P1 T2 12 T2
E2 2 T5 G13 12 T1 T5 12 T5
E3 3 T7, T12, P4, P6 G14 12 T1 T7 12 T7
E4 3 T4, T5 G15 24 T1 T8 6 T8
E5 4 T4 H1 3 T20 T20 6 T20
E6 4 T1 H2 4 T5 T21 6 T21
E7 4 T1 H3 4 T5
E8 6 T1 H4 4 T7
In Figs. 24, 25 and 26, the union of shaded regions exhibits the panel complex of each
panel-irreducible triangulation and some parts are not triangulated. If we try to triangulate
them, we might be able to construct several triangulations. For example, we can construct
actuallyT1,T4 andP1 fromA3.This factmeans that the panel-irreducible triangulations that
these three triangulations underlie are not isomorphic but they present the same equivalence
class of the panel structures of triangulations, depicted as A3. Table 4 shows the same facts
for all panel structures.
The panel structures given in Figs. 24, 25 and 26 are classiﬁed into 13 groups, A toM ,
according to the number of non-paneled faces. That is,Ai (i=1, . . . , 4) has six such faces,
B has seven, . . . ,M has 18. The second column in Table 4 includes the precise numbers
of inequivalent embeddings that these panel structures admit. Those numbers are 2–6, 8,
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(2) (2) (2) (2) (8) (2) (2)
(4)(3)(2)(2)(2)(2)(2)
(2)
(2) (2)
(4)
(4)
(4) (4) (4) (6) (6) (6) (10)
(4) (4) (4) (4) (8) (8)
(4)
(3) (3) (3) (3) (3)
(3)(3)(3)
(3)
A1 A2 A3 A4 B C1 C2
C9C8C7C6C5C4C3
C10 D1 D2 D3 D4 D5 D6
D9 E1 E2 E3 E4
E11E10E9E8E7E6E5
F1 F2 F3 F4 F5 F6 F7
D8D7
Fig. 24. Panel structures of triangulations on the torus (1).
10, 12, 14, 16, 24, 48 and 120. The numbers for panel-free panel-irreducible triangulations
in Table 2 are included in this list. Of course, the full-paneled one has 1 embedding, up to
equivalence. Add this “1” to the list.
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(8) (14) (16) (2) (3) (3) (3)
(5)(5)(4)(4)(4)(4)(3)
(4)(4)(3)(24)(12)(12)(8)
(3)(3)(48)(6)(6)(5)(4)
(5) (6) (12) (4) (4) (5)(4)
(4) (6) (6) (8) (8) (4)(4)
F8 F9 F10 G2G1 G3 G4
G11G10G9G8G7G6G5
G12 G13 G14 G15 H1 H2 H3
H6 H7 H8 I1 I2
J1I8I7I6I5I4I3
J2 J3 J4 J5 K1 K2 K3
H5H4
Fig. 25. Panel structures of triangulations on the torus (2).
By Negami et al.’s theory [11] described in Section 2, the number of inequivalent em-
beddings of any triangulation on the torus is equal to that of a panel structure. Therefore,
the number must belong to the above list and Theorem 2 follows.
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(6)
K4
(8)
L
(4)
M
Fig. 26. Panel structures of triangulations on the torus (3).
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